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SUMMARY 

The f ree-sur face  analogy t h a t  e x i s t s  between pressure waves i n  an ionized 
gas  and waves on t h e  surface of a 1-iquid metal  i s  s tudied experimentally and 
t h e o r e t i c a l l y  by considering i n  d e t a i l  t h e  in t e rac t ion  of one-dimensional waves 
i n  a channel with a t ransverse  magnetic f i e l d .  Photographic sequences a re  pre-  
sented of t h e  surface shapes found experimentally with mercury and the  eu tec t i c  
a l l o y  of sodium and potassium ( N a K ) .  
sponding surface p r o f i l e s  predicted t h e o r e t i c a l l y  by t h e  one-dimensional mathe- 
mat ica l  method of c h a r a c t e r i s t i c s  f o r  unsteady f lows.  It i s  concluded t h a t  t he  
analogy i s  a u s e f u l  t o o l  f o r  studying c e r t a i n  aspec ts  of magnetohydrodynamic flow 
f i e l d s .  The t e s t s  ca r r i ed  out i n  t h e  inves t iga t ion  a l s o  provide information on 
t h e  in t e rac t ion  of one-dimensional waves with a t ransverse  magnetic f i e l d .  

These r e s u l t s  a r e  compared with the  cor re-  

INTRODUCTION 

D i f f i c u l t i e s  assoc ia ted  with magnetogasdynamic experiments and analyses cause 
one t o  look f o r  an analogy or s impl i f i ca t ion  t h a t  w i l l  a i d  i n  und-erstanding the  
var ious f l u i d  motions t h a t  a r e  observed. I n  t h e  search f o r  such a device,  it may 
be noted t h a t  a decade or so ago t h e  s tud ie s  of ordinary gas-dynamic flow f i e l d s  
o f t en  made use of what i s  known as the  f ree-sur face  analogy. This analogy i s  one 
wherein g rav i ty  waves on t h e  surface of water of shallow depth represent  pressure 
waves i n  the  gas .  
out  t o  a s c e r t a i n  t h e  a p p l i c a b i l i t y  of t h e  analogy and t o  study a p a r t i c u l a r  flow 
phenomenon. Material found i n  t h e  p a r t i a l  l i s t  of re ferences  c i t e d  ( re fs .  1 - 11) 
i l l u s t r a t e s  t h e  amount of information t h a t  can be obtained and t h e  ease with which 
a flow f i e l d  can be diagnosed when t h e  f ree-sur face  analogy i s  employed. 

A l a rge  number of inves t iga t ions  ( r e f s .  1 - 11) w e r e  ca r r i ed  

In  recogni t ion of t h e  possible  app l i ca t ion  t o  magnetof l u i d  dynamics, several 
papers ( re fs .  12 - 16) have been wr i t t en  r ecen t ly  t h a t  extend t h e  f ree-sur face  
analogy t o  include t h a t  type of magnetogasdynamic phenomenon character ized by a 
low magnetic Reynolds number (Rm << 1). Noteworthy i s  a paper by Fraenkel 
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( re f .  12) in which he der ives  i n  a systematic fashion t h e  d i f f e r e n t i a l  equations 
f o r  t h e  surface wave motion with e l e c t r i c  and magnetic f i e l d s  and then analyzes 
severa l  flow f i e l d s .  
and a l s o  presents  some experimental r e s u l t s  obtained with mercury. 
ana lys i s  i s  given by Lundquist ( ref .  1.7) , and somewhat l a t e r  by Shirokov 
( r e f .  18), f o r  a second category of f ree-surface phenomena i n  which t h e  l i q u i d  
m e t a l  i s  a near ly  pe r fec t  e l e c t r i c a l  conductor ( i . e  ., A t  t h i s  l i m i t ,  
t h e  waves propagate a t  t h e  c h a r a c t e r i s t i c  ve loc i ty  
than  simply m. 

Alpher ( r e f s .  13 and 14) develops t h e  equations he requi res  
A t h e o r e t i c a l  

= a) . 
ao- = d(B2/pp)  + gk r a the r  

Analogies t h a t  use l iqu id  metals, but t h a t  a r e  not of t he  free-surface 
va r i e ty ,  have been used in severa l  other  s tud ies  of magnetogasdynamic phenomena. 
Included are the  r e s u l t s  of a s e r i e s  of i n t e re s t ing  and informative t e s t s  with 
sodium ca r r i ed  out by Colgate ( r e f s .  1-9 and 20) i n  order t o  study t h e  s t a b i l i t y  
of nuclear fusion devices.  Other experiments with l i q u i d  metals, r e f e r -  
ences 21 - 29, i l l u s t r a t e  t h e  ingenious use of l i qu id  metals t o  study var ious 
magnetohydrodynamic problems. 

This paper presents  a de ta i l ed  and systematic study of t h e  in t e rac t ion  of 
one-dimensional f ree-surface waves with t ransverse magnetic f i e l d s .  The purpose 
of  t h i s  inves t iga t ion  i s  t o  gain a basic  understanding of these  flow f i e l d s .  
Motivation a r i s e s  from t h e  need t o  obtain background information i n  order t o  
i n t e r p r e t  magnetogasdynamic t e s t  r e s u l t s .  Deta i l s  of t h e  theo r i e s  used and 
r e s u l t s  achieved are given i n  t h e  sect ions t o  follow, and cons is t  of t he  f i v e  
general  subjec ts :  
t i o n s  t o  be used t o  solve t h e  one-dimensional unsteady flow f i e l d s  a re  developed 
from the  equations t h a t  represent  t he  motion of l i q u i d  metals i n  the  free-surface,  
small-depth approximation. Theoret ical  r e s u l t s  f o r  an example of each of t h e  
models t o  be studied a re  then presented. ( 2 )  Equations a re  developed f o r  i dea l -  
ized magnetogasdynamic models t h a t  a re  comparable t o  t h e  free-surface configura- 
t i o n s  under consideration. A spec i f ic  solut ion for each i s  then compared i n  
order t o  gain an ins ight  i n to  t h e  nature of t h e  analogy between the  two systems. 
(3)  The influence of var ious boundary conditions on t h e  e l e c t r i c  f i e l d  and cur- 
r en t  configurations i s  analyzed. 
brought about on t h e  surface of t h e  l i qu id  metal  by t h e  changing magnetic f i e l d  
t h a t  r e s u l t s  when a magnet i s  energized. 
sented of t h e  experimental l i qu id  metal  ( H g  o r  NaK)’  surface shapes. 
panion f igures ,  a comparison i s  made of some of these  r e s u l t s  with the  
t h e o r e t i c a l l y  predicted p r o f i l e s .  

(1) After t h e  models t o  be considered a re  described, t h e  r e l a -  

( 4 )  An ana lys i s  i s  made of t h e  d i s t o r t i o n s  

( 5 )  Photographic sequences a re  pre-  
In  com- 

FLOW MODELS AND RANGE OF VA.RIYBLES TO BE STUDIED 

To f u l f i l l  t he  object ives  out l ined i n  the  previous sect ion,  t he  models 
chosen f o r  consideration a re  kept as simple i n  concept as possible so t h a t  t he  
number of f l o w  var iab les  a re  minimized and so t h a t  t h e  waves a re  near ly  

%e eu tec t i c  mixture of sodium (22 percent)  and potassium (78 percent)  i s  
general ly  re fer red  t o  as NaK. Propert ies  of t h i s  l i qu id  m e t a l  are given i n  r e f -  
erence 30. It i s  usefu l  i n  these  t e s t s  because it has a spec i f ic  grav i ty  of 0.86 
and has an e l e c t r i c a l  conductivity th ree  times t h a t  of mercury. 
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one -dimensional. The p a r t i c u l a r  f l o w  models, some ant ic ipa ted  r e s u l t s ,  and a 
b r i e f  descr ip t ion  of t h e  experimental model a r e  discussed i n  the  following 
paragraphs. 

The f i rs t  f l o w  model t o  be considered i s  t h a t  of a one-dimensional 
compression wave impinging upon a magnetic f i e l d .  The magnetic f i e l d  i s  assumed 
t o  be sharply defined, so a uniform s t a t e  e x i s t s  on both s ides  of t he  wave u n t i l  
it approaches and passes i n t o  t h e  magnetic f i e l d  region. There, t he  f l u i d  moving 
r e l a t i v e  t o  the  magnetic f i e l d  experiences a damping force  tending t o  r e t a rd  i t s  
motion. Because of t h i s  body fo rce ,  a port ion of t h e  wave i s  r e f l ec t ed  f r o m  t h e  
magnetic f i e l d  and a p a r t  passes through. The r e l a t i v e  magnitudes of t h e  
r e f l ec t ed  and t ransmit ted waves depend on t h e  magnetic f i e l d  s t rength,  B, e l ec -  
t r i c a l  conductivity of t h e  l i qu id  metal, cr,  and t h e  i n e r t i a  of t he  f l u i d  i n  the  
wave. Figure 1 i l l u s t r a t e s  t h e  physical  model f o r  producing t h i s  type of f l o w .  
The wave i s  i n i t i a t e d  by suddenly, a t  some time t = 0, moving t h e  pis ton t o  t h e  
r i g h t  a t  some uniform speed up. Such a flow f i e l d  can be considered as a simu- 
l a t i o n  of the  shock tube s tudies  of one-dimensional ionizing shock waves 
in te rac t ing  with magnetic f i e l d s  ( r e f s .  31 - 34) .  

A second f l o w  s i t u a t i o n  t o  be studied i s  t h a t  of an expansion wave centered 
i n  the  magnetic f i e l d .  Since t h e  magnetic f i e l d  again exe r t s  a damping force on 
t h e  motion, it can be expected t h a t  t he  f l u i d  w i l l  seep through the  magnetic 
f i e l d  much more slowly than a corresponding expansion wave i n  a channel with no 
magnetic f i e l d .  The physical  model i s  the  same as shown i n  f igu re  1 except t h a t  
t h e  pis ton i s  i n i t i a l l y  a t  r e s t  i n  t h e  center  of t he  magnet ic . f ie ld  and then i s  
suddenly withdrawn t o  t h e  l e f t .  Such a model represents  t h e  breaking of a dam 
i n  hydraulics,  or t he  burs t ing  of a diaphragm i n  a shock tube .  Flow problems of 
t h i s  type a re  usua l ly  re fer red  t o  as a "centered expansion'' because, a t  the  s tar t ,  
a l l  of t he  expansion waves a re  located or centered a t  t h e  in te r face  of t he  p is ton  
and l i qu id  metal .  A s  time progresses,  t h e  individual  waves spread out or expand 
and thereby resolve t h e  i n i t i a l  d i scont inui ty  i n t o  a smoothly curved surface t h a t  
once again depends on t h e  s t rength  of t he  magnetic i n t e rac t ion .  If the  magnetic 
f i e l d  s t rength  were inde f in i t e ly  strong, t h e  i n i t i a l  d i scont inui ty  would not 
change a s  the  p is ton  i s  withdrawn. 

A t h i r d  type of f l o w  t o  be considered i s  t h e  in t e rac t ion  of a f l u i d  a t  r e s t  
with a moving magnetic f i e l d .  As  t he  magnetic f i e l d  moves past  t he  l i qu id  metal, 
a body force generated by the  moving f i e l d  a c t s  l i k e  a leaky broom (or pis ton)  
t h a t  sweeps or pushes t h e  l i qu id  metal along the  channel. Only f o r  very strong 
in te rac t ions  w i l l  t h e  magnetic f i e l d  sweep a l l  of t h e  f l u i d  from t h e  channel it 
has passed. The physical  model f o r  producing t h i s  type of f l o w  i s  shown i n  
f igu re  2. 

The last type of flow t o  be studied i s  t h e  motion imparted t o  t h e  f l u i d  by 
a changing magnetic f i e l d .  The physical  r e s u l t s  of t h i s  type of flow are  more 
complex and w i l l  be described i n  a l a t e r  sec t ion .  The physical  apparatus i s ,  
however, shown schematically i n  f igu res  3(a)  and ( b ) .  

In each of t h e  foregoing flow s i tua t ions  t h e  boundary conditions on t h e  
e l e c t r i c  f i e l d s  and cur ren ts  must be such t h a t  t h e  t h e o r e t i c a l  and experimental 
models a re  matched as c lose ly  as poss ib le .  Idea l ly ,  an ex te rna l  r e tu rn  c i r c u i t  
should be provided f o r  each t ransverse e l ec t r i c - cu r ren t  f i lament so t h a t  t h e  

3 



d i rec t ion  of t h e  body fo rces  i s  along t h e  channel axis .  Metal w i r e s  required f o r  
these  c i r c u i t s  would obs t ruc t  t h e  view of t h e  p r o f i l e  of t h e  l i q u i d  m e t a l  surface,  
however. Therefore, an a l t e r n a t i v e  scheme t h a t  approaches t h e  i d e a l  employs a 
copper p l a t e  on t h e  bottom of t h e  channel i n  contact  with t h e  l i q u i d  m e t a l .  
Possible e f f e c t s  of var ious  cur ren t  paths are inves t iga ted  i n  a sec t ion  following 
t h e  mathematical method of c h a r a c t e r i s t i c s  for one -dimensional unsteady f l u i d  
motion which has been developed f o r  these  flow models. 

Each of these  models w i l l  be s tudied t h e o r e t i c a l l y  and t e s t e d  experimentally 
under a v a r i e t y  of condi t ions with both t h e  l i q u i d  m e t a l s  
these  two materials y i e l d s  a wide range of t h e  magnetic parameters.)  
values  f o r  some of t h e  parameters involved i n  these  t e s t s  are given approximately 
as ( see  appendix f o r  d e f i n i t i o n  of symbols) 

H g  and NaK.  (Use of 
Numerical 

Rm = opaod 0.03 

5000 

f o r  mercury 
:O f o r  NaK 

ho = depth of' T1uj.d = 1 cm or 0.4  i n .  

Bo N 5000 gauss 

a. = speed of f ree-surface wave = & 
= 30 cm/sec or 1 f t / s e c  

U Fr = Froude no. = - zz 0.2 'LO 2.0 a 
THEORETICAL ANALYSIS 

I n  t h i s  sec t ion ,  equations a re  developed t o  p red ic t  t he  f l u i d  motion of t h e  
one-dimensional flow f i e l d s  discussed i n  t h e  previous sec t ion .  Since t h e  analy- 
s i s  t o  follow i s  based on t h e  f ree-sur face  wave theory,  t h e  approximations made 
f o r  it apply here a l s o .  The idea l i za t ions  discussed i n  references 1 t o  11 may be 
s k a r i z e d  as follows : 

1. Viscnus and surface tens ion  forces  are neg l ig ib l e  i n  comparison with 
i n e r t i a  and pressure f o r c e s .  

2 .  Density of l i q u i d  i s  a constant .  

3 .  Pressure on f r e e  surface of l i qu id  i s  a constant and bottom of container  
i s  f l a t .  

4 



4. Pressure distribution is hydrostatic; that is, vertical accelerations 
and velocities are small with respect to horizontal components. 

5. Ratio of mean depth to wavelength must be small. 

If the free-surface wave theory is to be extended to liquid metals in electric 
and magnet I fields, the following additional restrictions are imposed: 

6. Properties (density, conductivity, etc.) are changed an insignificant 
amount by joule heating. 

7. Current density is independent of fluid depth. 

8. Fluid has uniform electrical properties throughout flow field. 

9. Electric currents are horizontal only. 

10. Induced electric field and electric current density vectors are alined. 

11. Magnetic field has only a vertical component that is uniform throughout 
depth of the fluid. 

12. Hall, displacement, etc., currents are negligible, 

13. Magnetic Reynolds number = opaod << 1; that is, induced or secondary 
magne-Lic fields are small in comparison with imposed field. 

Assumptions 1, 4, and 5 are violated at the front of a strong wave (or bore) 
because the wave front is quite short in comparison with the depth of the fluid. 
In the idealized case, the wave front is a discontinuous step from one level to 
another. In practice, however, viscosity and surface tension forces round off 
the corners to form a wave of finite but small length. Since discussions of the 
effect of the shape of the wave front and the role played by viscosity and sur€ace 
tension are presented elsewhere (see, e.g., refs. 1 through ll), a dei;ailed 
account of the difficulties associated with these wave fronts will riot be given 
here. It is simply noted that the analogy and the equations for the free surface 
are not valid in the immediate vicinity of such a wave front. Flow disturbances 
that arise when assumption 10 is violated are treated theoretically and observed 
experimentally in sections to follow. 

Computations for the cases that follow were generally carried out by means 
of electronic computers so that it was possible to make many more comparisons 
than would have been possible by hand-operated machines. 

Development of Equations Used in Numerical Solution of Flow Fields 

Basic equations for liquid metal with a free surface.- In view of the 
excellent treatment given by Fraenkel (ref. 12) to the derivation of the equations 
that govern the motion of free-surface 'waves on a liquid metal in electric -and 
magnetic fields, a detailed rederivation will not be given here. Instead, the 
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equations of motion for the fluid are presented together with the series expansions 
used for the various parameters to obtain the free-surface equations. Then, with- 
out going into the details of the intervening algebra, the final equations for the 
free surface are given. Conservation equations for the fluid and for the electro- 
magnetic fields are, in vector notation (see appendix for definition of symbols), 

+ - + v  aP -.+ p u = o  

at 
(Conservation of mass) 

+ +  + --f 

p + Gp = J x B - p~ (Conservation of momentum) 
Dt 

- + +  
= J . E + - ap (Conservation of energy) 

at 

+ +  
V * B = O  

-+ -+ 
V * E E = O  

-+ + + +  
J = a ( ~  + u x B) (ohm's law) 

The equation for the surface of the liquid metal is 

ah + v - = w at z = h(x,y,t) ah 4 - u -  ah - 
at ax aY 

The power aeries relations that are inserted into the foregoing equations to 
develop an ordered system of equations are made dimensionless by means of the 
following quantities: A = wave length, ho = characteristic depth of liquid, 
K = curvature of surface = ho/A2, 
disturbance, Bo = reference magnetic field strength in z direction, and 
6 = h02/A2 with Rm = magnetic Reynolds number = O(6). 
axes and time are written as 
Power series expressions for the various flow quantities are then 

= a. = speed of propagation of a small 

Hence, the coordinate 
X = x/A, Y = y/A, Z = z/ho, and T = t &/A. 
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u = (uo + U l 8  + u# + . . .) 

v = & (vo + V I 8  + v262 + . . .) 

w = (A &/h/ho) (wo + W l 8  + W 2 E 2  + 

p = pgho(po + P18 + + 

. e )  

Bx = RmBo(Bx0 + Bxl8 + B,E2 + . 
By = RmBo(By0 + By18 + ByZE2 + 
Bz = Bzo + Rm(BZ1 + Bz26 + . 

. a )  

- e )  

* e )  

= & B,(E,, + ~~~6 + ~ , 6 2  + . . .) 

Ey = +$& Bo(Ey0 + Eyl6 + E - J Q ~ ~  + . . .) 

E, = 6 RmBo(EZ0 + Ezl6 + E7,2fj2 + . a )  

It i s  t o  be noted t h a t  t h e  values  of 
conditions imposed on t h e  e l e c t r i c  f i e l d .  
l a rge  a s  des i red .  

Ex, and Eyo depend on the  spec i f i c  boundary 
They can genera l ly  be made small o r  

Inse r t ion  of t hese  series expressions i n t o  t h e  d i f f e r e n t i a l  equations leads 
t o  a sequence of d i f f e r e n t i a l  equations f o r  t h e  var ious terms i n  the  power s e r i e s .  
The se t  of d i f f e r e n t i a l  equations t h a t  r e s u l t  from the  zero order  system i n  
are used here  t o  analyze t h e  free-surface problems t o  be considered. 
and 2 ind ica te  t h e  o r i e n t a t i o n  of t h e  coordinate axes ,  magnet, and channel. 
o r i g i n  of t he  coordinate axes i s  f ixed  r e l a t i v e  t o  t h e  channel which i s ,  i n  tu rn ,  
f ixed  r e l a t i v e  t o  the  labora tory  f r a m e  of reference.  Equations t h a t  govern the  
motion of t h e  f r e e  sur face  are then,  a f t e r  t h e  var ious terms are returned t o  
dimensional no ta t ion ,  

6 

The 
Figures 1 

ah ahu ahv - + -  + - = o  
a t  ax a y  

( 2 4  

(2b) 

a U  ah OBz + u - + v - + g - = -  (Ey - m z )  
aU a U  

a t  ax  a Y  ax 

av av ah OB, av 
a t  ax &Y a Y  P 

- 

(Ex + vB,) + g - = - -  + v -  - + u -  

aBz aEx aEy 
- = - - -  
a t  ay ax ( 3 )  
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p = pgh (Eq. of state) ( 5 )  

u2 + .') + u -  a (e + u2 + v') + v -  a (e + u2 + v2)] + gp (2 + - y;) 4% (e + 2 ax 2 aY 2 

= JxEx + JyEy (Conservation of energy) ( i?a) 

or, by use of the equations for the conservation of mass and momentum, it is 
possible to write the energy balance as, 

where (see also appendix) u and v 
directions, e , p, and h are the internal energy, density, and depth, respec- 
tively, of the liquid metal. The quantities E and J are the electric field 
intensity and current density, BZ 
induction, and u 
tromagnetic equation relating the current and magnetic field, pJ = D  X B, is not 
needed in this small magnetic Reynolds number approximat ion. 

are the velocity components in the x and y 

is the vertical component of the magnetic 
is the electrical conductivity of the liquid+met@. +The elec- 

Equations for method of characteristics.- Since the problems to be considered 
are nearly a function of one space dimension (say x) and time, t, equations (1) 
through (6) simplify enough so that a solution for a given set of boundary condi- 
tions can be obtained by the so-called method of characteristics (see, e.g., 
Courant and Friedrichs, ref. 3'3). When the technique described in reference 35 
is applied to equations (1) and (2) with v = 0, the two partial differential 
equations are reduced to ordinary differential equations that apply along the 
characteristic paths and are used as difference equations in finding a numerical 
solution to a given flow field. These equations, known as the characteristic 
equations, are 

OB, dx 
P dt 

d(u k 2 m) = - (EY - uBz)dt along - = u k & (7) 

where the speed of propagation of a small wave is found to be 
tion (7), and in the characteristic equations to follow, the k notation is used 
to indicate that the upper signs apply along the forward (+x) facing and the lower 
signs along the backward (-x) facing characteristic directions. In the numerical 
work, it is found convenient to normalize the various terms with quantities that 
typify the problem being studied. 

m. In equa- 

The free-surface wave speed, a. = a, the 
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initial undisturbed depth of t h e  l i q u i d  metal ,  ho, t h e  magnetic f i e l d  s t r eng th  
at the  center  of t h e  magnet, 30, and t h e  half-width of t h e  channel, d,  are used 
throughout t h e  remainder of th is  paper t o  reauce the various q u a n t i t i e s  to dimen- 
s ion less  form. me c h a r a c t e r i s t i c  equations then  become, by equation (7) , 

(8b) 
ax - = U - A 
d r  

dQ = d(U - 2A) = Pmo (q - U E) d r  along 

where 
and T = tao/d.  

Relat ions f o r  flow var iab les  across  a s t rong wave f r o n t . -  Since equations (7) 
and (8) apply only t o  waves t h a t  a r e  weak, t h a t  i s ,  of vanighingly small amplitude, 
another s e t  of equations must be used f o r  waves of f i n i t e  s t rength  o r  amplitude. 
A s  pointed out e a r l i e r ,  assumptions I, 4, and 5 a r e  v io l a t ed  at  t h e  f r o n t  of such 
a wave because viscous and surface tens ion  forces  d i c t a t e  t h e  shape of t he  surface 
the re .  An a n a l y t i c  expression f o r  t h e  p r o f i l e  of t he  f l u i d  sur face  through the  
wave would be d i f f i c u l t  t o  der ive .  However, equations f o r  t h e  ne t  change i n  the  
flow quan t i t i e s  from one s i d e  of t h e  wave t o  t h e  o ther  can be found qu i t e  simply 
from expressions i n  common use f o r  w a t e r  waves ( see ,  e .g . ,  pp. 314ff of ref. 1). 
These so-called jump conditions across  t h e  wave w i l l  be used a t  t h e  wave f r o n t  
only and the  c h a r a c t e r i s t i c  equat iom (8) f o r  small waves throughout t he  r e s t  of 
t he  flow f i e l d .  Since changes i n  t h e  flow parameters across  the  wave at  a given 
i n s t a n t  of time a r e  not  a f f ec t ed  by electromagnetic forces ,  t h e  equations f o r  
water waves apply without modification. Hence, from reference I, expressions t h a t  
r e l a t e  flow qum-t i t ies  on both s ides  of a s t rong  wave a r e  

U = u/ao, A = Ax, H = h/h,, Ey' = %/ao%, X = x/d, = B,/Bo, 
See appendix a l s o .  

where Up = %/ao 

U,, = uw/ao 

2s t h e  dimensionless v e l o c i t y  of t he  p i s ton  pushing t h e  f l u i d ,  

is  the  dimensionless v e l o c i t y  of t he  wave (see f i g .  4) , and P, i s  

A 

Y 



the characteristic quantity just behind the wave crest. 
wave is assumed to be zero. 

The velocity ahead of the 
Tabulated values f o r  these parameters are presented 

below as a function of 

HW 

the fluid: depth ratio across the wave, Hw = hw/ho. 

1.0 
1.1 
1 . 2  
1 .3  
1.4 
1 .5  
1 . 6  
1 - 7  
1.8 
1.9 
2.0 

0 
09770 

.19149 

.28 216 - 37033 

.45643 

.5408 3 

.62379 

.70553 

.78623 

.86603 

UW - 
1.0 
1.07471 
1.14891 
1.22270 
1.29615 
1.36929 
1.44222 
1.51493 
1 - 58745 
1.6598 2 
1.73205 

AW - 
1.0 
1.04881 
1.09544 
1.14018 
1.18322 
1.22475 
1.26491 
1.30384 
1.34164 
1.37840 
1.41421 

PW 

2.0 
2.19532 
2.38238 

- 

2.56251 
2.73676 

3.07066 
3.23147 
3.38882 
3.54304 
3.69445 

2 * 90592 

Examples of numerical solutions.- Figure 5(a) presents the theoretical surface 
height and figure 5(b)  the velocity of the fluid caused by a small wave in mercury - 

as it impinges on the field of a magnet. 
equal to zero. 
the wave front because the wave considered in the calculations is not strong enough 
to cause a detectable error and the numerical work was simplified by such an 
approximation. In all the calculations pertaining to the experiments, however, 
the strong wave relations are used because those waves are not small. A l s o  shown 
in figure 5 is the variation with 
Pm = oBzd/pao, in the computations. 
time depict the attenuation of the incident wave as it moves through the magnetic 
field and the fluid reflected from the diffuse boundary of the magnetic field. 

The electric field Ey has been set 
In the solution shown, the strong wave relations were not used at 

x/d assumed for the body force parameter, 
Surface profiles at the various instants of 

A theoretical prediction of the flow that results when the piston is withdrawn 
from the liquid metal in a transverse magnetic field is illustrated in figure 6. 
A centered expansion in gas dynamics (or breaking of a dam in hydraulics) corre- 
sponds to the solution shown. A large difference is to be noted in the surface 
between the cases with and without a ragnetic field applied. Most apparent is the 
lower level of the liquid at the piston when the magnetic field is applied. When 
the piston has receded a short distance in the magnetic case, the surface shape 
changes quite slowly as the fluid seeps through the magnetic field. The same 
variation of the body force parameter shown in figure 5 was assumed in these 
calculations. 

A different interpretation must be given to the characteristic equations 
when the magnet moves past the fluid and channel as illustrated in figure 2. An 
addition of the electric field, umEz, caused by this relative motion to equa- 
tions (7)  and (8) accomplishes the modifications necessary for the present purposes. 
The characteristic equations for the fluid set in motion by the moving magnet 
written in dimensionless notation are then 
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along dx - = U t A  
dT 

where Um = um /a with Um = magnet velocity. 

A solution that illustrates the fluid motion that results when a magnet moves 

is zero and that the varia- 
past a fluid initially at rest as calculated by equation (10) is shown in figure 7. 
Once again, it is assumed that the electric field,= 
tion of Pm 
the magnet generating the force field are indicated at the various instants of time 
by lines at the top of the figure. It is noted in figure 7 that the magnetic field 
pushes fluid ahead of it in a way remindful of the sweeping action of a broom. 

Y? is the same as shown in figure 5. Positions of the leading edge of 

It remains in this section to present the characteristics equations to be used 
in the analysis of the nonsteady flow fields illustrated in figures 3(a) and 3(b) 
because the fluid motion is in the y and in the radial directions rather than 
along the x axis. Equations (1) and (2b) with u = 0 are used for the two- 
dimensional model, figure 3(a). 
these equations, the characteristics equations are found to be 

When the method of reference 35 is applied to 

(E, i- vBz)dt along 9 = v f a (11) 
UBZ d(v i 2a) = - - 

P dt 

Similarly, after equations (1) and (2) for the conservation of mass and momentum 
are written in cylindrical (r, cp,  z) coordinates and after variations with respect 
to cp are set equal to zero, the characteristics equations for the axially 
symmetric model illustrated in figure 3(b) are found as 

dr along - = Ur k a 
dt 

where r is the radius and ur is the radialvelocity. In equations (11) 
and (U), E, and Ecp depend, of course, on the rate of change of the magnetic 
field (see eq. ( 3 ) )  with time, and on the nature of the boundary of the flow field. 
A theoretical estimation of the magnitudes of these quantities to be expected in 
an experiment is presented in a subsequent section entitled "Surface Shape as 
Magnet is Energized. " 

Appraisal of Analogy Between Free-Surface and Gas-Dynamic Models 

In order to have some sort of an understanding of how well a gas-dynamic 
phenomenon is represented by the comparable free-surface situation, the differen- 
tial equations for an idealized electrically conducting gas and a numerical com- 
parison of results computed for particular cases by these equations are presented 
in this section. At the outset, it is obvious that the analogy will not duplicate 
the deviations from a perfect gas nor the chemical reactions that are common to 
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the flow of ionized gases. If the gas is assumed to be of an idealized sort that 
does not possess these variable properties,2 some doubt still remains as to the 
extent to which the free-surface analogy applies. 

For the present purposes, an idealized gas that has the following 
characteristics will be assumed. 

1. Constant specific heats and electrical conductivity throughout its 
volume and during event. 

2 .  Boundary conditions are the same as for liquid metal. Restrictions 1, 
and 8 through 13, that were imposed previously on the free-surface waves, apply 
here also. The gas-dynamic differential equations for this simplified gas, 
written for two space dimensions and time, are then, 

ap apu aPv 
at ax ay - + -  + - = o  

p = pRT (Eq. of state) (15) 

L 

= JxEx + J E + (Conservation of energy) (16a) 
y y at 

or, by means of the momentum equa.tion, the energy equation becomes 

Equations (13)through (13) are identical with equations (l), (2), and (5) if 
the surface height, h, corresponds to the density, p, and the temperature, T, of 
the gas. The pressure, p, is proportional to h2. It is noted, however, that 

2Perhaps by choosing the variety of gas, and/or temperature range of the 
experiment, it would be possible to match the free-surface and gas-dynamic cases 
very closely. 

l2 
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equations (6b) and (16b) for the internal energy of the liquid metal and the gas 
do not contain the same terms because the gas density is much more sensitive to 
joule heating and to pressure than is the liquiq metal. This difference is pro- 
nounced clearly in the one-dimensional unsteady state form of the characteristic 
equations for the gas that can be derived from equations (13) to (16) (see, e.g., 
ref. 35). The speed of propagation of a small wave is now a = = 4 5  
where y = Cp/Cv. 

where a?/crp = a(dS/R), with S as the entropy and R as the gas constant. If 
y = 2, the left side of equations (7) and (17) are the same.3 
the right of the equal sign in each of these equations are also the same if the 
density for the gas is a constant as it 5s for the liquid metal. Since such is 
not the case, the integration of this term along the characteristic direction 
requires that p be a variable in equation (17). The second term on the right 
of equation (17) expresses energy added to the gas by joule heating, J2/o, due to 
the flow of electrical currents, and is an expression of the entropy of the various 
fluid elements involved in the integration along the characteristic paths. Numeri- 
cal values for this term are found by following the path of each fluid element and 
determining the heat energy added to it since the inception of the event. Inasmuch 
as no corresponding term exists in the free-surface equations (eq. (7)), the size 
of this quantity will largely determine the difference between the gas and free- 
surface solutions. Since the joule heating is cumulative, the entropy term grows 
with time. Hence, the analogy should be best at the earlier stages of a given 
interaction and become worse as time progresses. 

The first term to 

Comparison of the flow solution for a gas-dynamic model that is the same as 
the free-surface model analyzed in figure 5 with data shown there illustrates the 
applicability of the analogy (see figs. 8(a) and 8(b)). As before, Ey is assumed 
to be zero. A l s o ,  the dimensionless flow variables and sizes of the channels used 
in the two flow situations are assumed to be identical; that is, 

Variations of the density, pressure, temperature, and velocity with distance 
along the channel at several instants of time are presented in figure 8 for both 
a, gas-dynamic and free-surface small compression wave impinging on a magnetic field. 
As expected, the density and velocity for the two mediums correspond quite well 
during the early stages of the interaction but the difference grows with time. 
Despite the increasing quantitative spread between the two solutions, qualitative 
agreement exists at all times. Temperature and pressure in the gas are not repre- 
sented quantitatively in any decent fashion by the free-surface solution for 
y = 1.4 (or any y 
sort is observed. 

other than 2), although a qualitative representation of a 

.. . . _. - 
3Such is the case for a completely ionized gas embedded in a magnetic field 

because it has two degrees of freedom and therefore a 7 of 2. 



Effect of Boundaries on Electric Field 

A l l  the foregoing calculations were made by assuming that the electric 
field Ey was zero. In practice, the boundaries of the flow field will modify 
the electric current lines in such a way that will no longer be negligible 
and that sizable currents may flow in directions not anticipated by strictly one- 
dimensional considerations. To gain an understanding of the influence of the 
boundaries on the electric current system, theoretical consideration will be given 
here to certain idealized situations that approximate the experimental conditions. 
Several possible current paths for the two sets of boundary conditions used in the 
wave experiments are illustrated schematically in the upper part of figure 9. In 
the first case, figure 9(a), the liquid metal is bounded on both sides and on the 
bottom by clear plastic walls that are insulators. The electric currents must then 
flow in closed paths within the fluid. Since an electric field is induced within 
any fluid element that moves relative to the magnetic field 
rents can close on themselves by passing through the viscous boundary layer that 
exists on the walls of the channel and by means of loops that extend upstream and 
downstream of the moving fluid (or of the magnetic field - whichever results in 
the shortest path) as shown in figures 9(a) and 9(c). 
plate is placed on the bottom of the channel (fig. g(b)) to provide an additional 
path for the electric currents to flow. The various electric current paths are 
parallel so that some current will flow through each of them during an experiment. 
In a given situation, however, one circuit will probably carry more current than 
the rest. It is immediately apparent that very little electricity will flow 
through the viscous boundary layer (fig. g(a)) because of its small depth and 
therefore high resistance. An estimate of this resistance is obtained from the 
work of Hartmann (ref. 36). 
layer is approximately l/(Bz m), or less than 0.01 em (1/350 in.) for the 
experiments reported here. 
electric currents that may flow in the viscous boundary layer because their 
influence on the flow is believed to be negligible. 

Ey 

B,, the electric cur- 

In the second case, a copper 

He finds the displacement thickness of the boundary 

Therefore, no further consideration will be given to 

In the three subsections to follow, an estimate will be made of Ey under 
three sets of boundary conditions on the electric field that arise from the situa- 
tions illustrated in figures g(a) and g(b). In the first case, it is assumed that 
an external circuit is provided for the electric current filaments so that the 
electric field is nearly one-dimensional and special consideration need only be 
given to the resistance of the return circuit. In the second and third cases, 
all boundaries of the flow field are assumed to be insulators so that the electric 
current loops are forced to close within the fluid. Case two assumes that the 
fluid-magnetic interaction takes place in an area small compared with dimensions 
of the container enclosing the flow field. These results are extended in case 
three to the electric field that results from the interaction between two insulating 
walls. This latter situation corresponds closely to the channel problem when no 
external circuit is provided for the return of the electric currents. In each of 
these cases the depth of the fluid is taken to be constant throughout the flow 
field so that the problem may be treated as two-dimensional. Also ,  motion of the 
fluid element will be assumed to be steady with time and uniform throughout the 
moving element. 
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In what follows, it is necessary to define clearly the meaning of the various 
symbols used. 
when a given fluid element moves through a magnetic field is represented by 
J = o(E + UxT3). The quantity UXB is the local induced electric field brought 
about by the motion of' the fluid element through the magnetic field. 
that the motion of the fluid and the magnitude of the magnetic field is uniform 
throughout the element so that it is represented by the one-dimensional value 
denoted as uoB0. 
field, the quantity E expresses that electric field required to cause the electric 
currents to conform with the boundariez of the liquid metal conductor and the return 
circuit (if one is provided). Hence, E depends on uoB0 directly for its magni- 
tude and on the shape of the moving fluid element and the flow field boundaries for 
its plan-view representation. 

The actual electric current density distribution in the flow field 
--f -+ -++ --f -> 

It is assumed 

Sisce no external electric field will be impressed on the flow 

One-dimensional approximation for electric field.- When an adequate external 
circux is provided for the eleztrTc currents to flow in their natural transverse 
(y) direction, the resultant body force on the moving fluid element is along the 
channel in the x direction. Laboratory conditions are such that a voltage 
difference is required to force the current filaments to flow over their return 
circuit. In a strictly one-dimensional sense, this resistance can be allowed for 
by a reduction in the magnitude of the induced field; that is, assume 

where C is a constant for a given experiment that depends on the boundary con- 
ditions imposed on the electric currents. It will always be less than one in 
magnitude, and will be referred to as the electric field constant. Equation (8) 
then becomes 

2 dx 
dT 

= d ( U  i. 2A) = -CPmoUB d T  along - = U k A 

Such an idealization reduces the analysis to a consideration of only one space 
dimension and time, thereby making it possible to obtain numerical solutions for 
the various free-surface wave experiments. A l l  computations of fluid motions 
presented in this paper were carried out by use of this method of approximation. 

An estimate for an upper bound to the value of the electric field constant C 
for a channel with a copper bottom can be obtained by considering the resistance 
of that circuit. Within a given moving fluid element, the impressed potential is 
2duBZ where 2d is the width of the channel. The resistance4 of the circuit per 
unit length of the channel is then o and h are 
the conductivity and depth of the liquid metal, and o and hcu are the conduc- 
tivity and thickness of the copper bottom. The electric current per unit length 
of the bar, Iy, is then given by 

R = (2d/oh) + (2d/acuhcu) where 
cu 

1 
o h  

I = - - =  2duBz -aBzuh Y R -- I+-- &. 
ocu 2°C - . _ _  - 

4contact resystancgbetween the liquid metal and the copper adds to the 
resistance (lowers C) of that circuit. No estimate is made here of its magnitude. 



Since t h i s  r e s u l t  must be equivalent t o  equation (18), t h e  e l e c t r i c  f i e l d  constant 
i s  given approximately as 

1 c =  
a h  1+-- 

ocu hcu 

where Jy = Iy/h. 
depth as 1/2 inch,and t h e  f l u i d  as mercury, t h e  constant i s  about 0.96, i f  t h e  
contact r e s i s t ance  between t h e  mercury and copper p l a t e  i s  neg l ig ib l e  i n  compari- 
son with 2duBz. A comparable value f o r  N a K  i s  about 0.90. These values  are 
ind ica t ive  only and cannot be considered as firm f i g u r e s  f o r  C .  

If t h e  copper p l a t e  i s  taken as 1/4 inch th ick ,  t h e  f l u i d  

E l e c t r i c  cur ren ts  f o r  element of f i n i t e  s i z e  i n  unbounded medium.- A 
~ ~~ - . -  __i_ -- --_~- : . .-: . . . . - .  - .  % ii 

t h e o r e t i c a l  estimate o f  t h e  el-field s t r eng th  and -current l i n e s  f o r  a f l u i d  
element as it moves through a magnetic f i e l d  (see f i g .  lO(a ) )  w i l l  now be found 
by t h e  method of doublets .  An equivalent system, shown i n  s ide  view i n  f i g -  
ure  10(b) ,  cons i s t s  of a f l u i d  a t  rest and a magnet moving pas t  i t .  
current  d i s t r i b u t i o n s  of t hese  two systems are i d e n t i c a l  i f  t he  magnet speed i n  
f i g u r e  10(b) i s  t h e  same as t h e  f l u i d  ve loc i ty  i n  t h e  block shown i n  f i g u r e  l O ( a ) .  
For e i t h e r  of t hese  two systems, t h e  induced e l e c t r i c  f i e l d  i s  represented by a 
two-dimensional o r  planar  doublet  with i t s  axis a l i n e d  w i t h  t h e  induced e l e c t r i c  
f i e l d ,  UxB, (y  d i r ec t ion )  and i t s  s t rength  equal  t o  moBo. The conduct ivi ty  i s  
included because t h e  f i n a l  expressions then y i e l d  t h e  a c t u a l  e l e c t r i c  cur ren ts  
t h a t  flow i n  t h e  f l u i d  when such motion exis ts .  For convenience, t h e  shape and 
motion of t h e  f l u i d  element t o  be considered are assumed t o  be uniform throughout 
a rectangular  element (see f i g .  11). 

The e l e c t r i c  

The complex p o t e n t i a l  f o r  a doublet i n  an unbounded medium i s  

where i = Q, 5 = x + i y ,  and cpu and qU are t h e  p o t e n t i a l  and stream funct ions 
f o r  t h e  e l e c t r i c  f i e l d .  The loca t ion  of t h e  doublet  with respect  t o  t h e  o r i g i n  
( c  = 0) i s  given by 
t i o n  over an area 2L u n i t s  wide and 2D 
f o r  a rectangular  block of emf i n  an unbounded medium are then found as 

c0 = xo + iyo. When the  summation is  ca r r i ed  out by integra-  
u n i t s  long ( f i g .  ll), t h e  f i e l d  quan t i t i e s  

- L  
2TI x + D  

1 x + D ( X  -t D)' + (y  - L)2 x - D ( X  - D ) 2  + (y  + L)2 + - l n  +- l n  
2 (x + D ) 2  + ( y  + L)2 2 (x  - D)2 + (y + L)' 
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(x - D ) 2  + (y + L)2 

(x + D ) 2  + (y + L)2 
- L (x - D ) 2  + (y - LI2 -- y + L ~ _ _ ~  

2 q u = - -  auoBo [+ In - 
2fi (x f D > 2  + (y - Ll2 

+ tan-'- tan-'- - tan- - 
2fi Y - L  Y - L  Y + L  Y + L  -"> X - D  1~ + D  

JY 
/' 

Electric current lines (i.e., lines of constant $) for two sizes of the 
rectangle are shown in figure 12. The electric current density distribution for 
L/D = 3 is illustrated in figure 13. Theoretically, the quantity Jy should be 
equal to moBo for a truly one-dimensional model instead of a value of about 
0.8 auoBo found for figure 13. 

Electric currents for element between two nonconducting walls.- Comparable --__- - _  
information forthe bounded medium is obtained by an integration of the expression 
for a doublet between two walls 2d units apart as shown in figure 14. The com- 
plex potential for a single doublet in a bounded medium is 

auoB0 i Q~ = 'pl + i$l = - 
d sinh - cf l  - ito 

2d 

where 5 ,  = xo + iy,, When this equation is integrated with respect to 
from cps and qS, 
and for the components of the electric current density for a doublet layer or 
slab (fig. 14) bounded by two insulating walls are found to be 

xo 
-D to +D, expressions for the potential and stream function 



xll Dn yo fl xll Dll sin - cosh - cosh - cos s i n  - + sinh - sinh - sin cos 
2d ~~ 2d 2d 2a 2a 2d 2a 2d 2d 

(EO2 + (P)' 
J X S  = - 

4d 

Yon 2a 1 Yfl Yn Xll Dfi YX Yon xlt Dx yn 
2d ea 2a 2d 2d 2a 2d 2d 2d cos - sin - - cosh - cosh - cos - s i n  - - sinh - sinh - s i n  - cos - 

-- 

xn xll xll Dn YO fi Xll  Dll YO JI cos  - - sinh - cosh - s i n  E s i n  - sinh - - cosh - sinh - cos 
2d 2d 2d 2d 2d 2d 2a 2d 2d 

4a ( E 1 f  + (Eel' JYS 

xll xlt XI[ Dfi yfi Yon xlt Dlt 
2d 2d 2a 2d 2d 2a 2d 2d 2a 

cosh - sinh - + cosh - sinh - cos - cos - - sinh - cosh - s i n  E s i n  

(EO2 + ( 5 3 ) 2  

where 

YOfl  Dfl sin - [l = cosh sin - - cosh - Yfl 
2d 2d 2d 2d 

Yfl Dfl YOfl  62 = sinh cos - - sinh - cos - 
2d 2d 2d 2d 

Xfl Dfl YOfl  

2d 2d 2d 2d 
63 = sinh - cos E + sinh - cos - 

Numerical integration of equations (22) with respect to Yo for the idealized 
emf distribution shown In figure 14 leads to the electric current lines and field 
intensity distributions shown in figures 15 and 16. As is to be expected, a com- 
parison of figures 13 and 16 reveals that the presence of the insulating boundaries 
reduces considerably but not entirely the magnitude of the electric current density 
for a given input driving potential distribution. 

In any real experiment, the magnetic field (or fluid velocity) is generally 
not accurately represented by a step function at the boundaries of the moving parts. 
An analysis of the magnetic field to be used here as measured for the 4- by &inch 
solid core magnet with a l-l/2-inch air gap that was used in the tests will indi- 
cate the electric field to be expected when the magnet moves relative to a fluid of 



uniform depth. If equations (22) are integrated for the distribution shown in 
figure l7(a), approximated by the step functions shown, the electric current lines 
and current density distributions are found as illustrated in figures l7(b), l7(c), 
and l7(d). 
and is assumed therefore to be only a function of x. In figures 17, a remarkable 
reduction in the electric current density is observed when it is compared with the 
value that would be assumed in a one-dimensional analysis; that is, J = auoBz. 
Longitudinal (x 
transverse (y direction) currents, thereby indicating that the cross-channel 
forces are as large as the longitudinal forces. The directions of the forces that 
act on the medium in that quadrant of the force field are illustrated by the arrows 
shown in figure l7(b). 

The experimental magnetic field is nearly constant across the channel 

Y direction) currents are noted to be of the same magnitude as the 

Surface Shape as Magnet is Energized 

Numerical analysis of the nonsteady flow fields that arise when the magnet 
is energized is carried out by means of the characteristic equations presented 
previously as equations (11) and (l2). Before these equations can be employed, 
relations must be developed for the electric fields 
netic field B, as a function of time. A qualitative description of the fluid 
motion to be anticipated in such an event will first be given in this section; 
then, the required expressions will be developed for the various fields. 

Ex and ET and for the mag- 

When the magnet is energized, the liquid metal is drawn to the center of the 
magnet by the induced body forces (fig. 18(a)). When the switch is opened so that 
the magnetic field decays quickly, the fluid i s  thrown violently in an outward 
direction from the center of the magnet (fig. 18(b)). The body forces that cause 
this motion arise from a combination of the electric field induced by the changing 
magnetic field (see eq. (3)) and the instantaneous value of the magnetic field. 
At time zero (i.e . , when the magnetic field is zero) , the induced electric field 
is a maximum because the magnetic field is changing most rapidly; but the body 
force is zero because the magnetic field strength is zero. When the magnetic 
field is fully established, the electric field vanishes (because the magnetic field 
is no longer changing with time) and the induced body force is again zero. 
only during the intervening time that the electric and magnetic fields are both 
nonzero and an acceleration is imparted to the liquid metal. An estimate of the 
surface shape as it changes with time will be made for the case when the magnetic 
field builds up, but no effort will be made to predict the flow when the magnet 
is turned off. 

It is 

If the magnet 
the magnetic field 

where Bo is the 

had a constant value of the inductance L and resistance R 
strength as a function of time would be given by 

final steady-state value of the magnetic field. The electric 
field and body force 
dimensional boundaries by equations (3 )  and (2) as 

Fy distribution in the fluid are then given for two- 



Ex=-e YBoR -Rt/L 
L 

Fy = -uB~(E, + VB,) 

and for axially symmetric boundaries by 

E T = - -  BoR .-Rt/L 
2L 

where r is the radius from the origin to the fluid element and ur is the 
radial velocity of the fluid, However, the solid iron-core magnet used in the 
experiments is energized by a motor-generator set connected through a control box 
designed to promote 0ptin.m aperation of a carbon-arc lamp. Voltage supplied to 
the magnet was then not a constant but varied ~ i t h  the curre t 2nd time. The 
inductance or rate of change of the magnetic field with time I s  then a func,ion 
of the electric current through the magnet windings (or instantaneous ;.slue of 
the magnetic field), the rate of change of the current, and several other factors 
that depend on the circuitry of the control panel. Several curves that represent 
the current through the magnet coils as a function of time are shown in figure 19 
as measured on an oscilloscope. A noticeable deviation from the idealized exponen- 
tialvariation is especially appareiit in the run conducted at a maximum current of 
14.4 amperes. 
power series in electric current for the inductance; that is, 

These peculiar variations of the magnet can be represented by a 

L =L,  + L,I + L2r2 + L,r3 + . . . 
In the analysis to follow, only the first two terms of the series are retained so 
that the time constant of the magnet is expressed as 

An idealized form of the differential equation for the current, I, through the 
windings is then 
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where Eo is a constant voltage applied at the initial instant of time, t = 0. 
Since it is assumed that Eo is constant and the current I is zero when t = 0, 
an expression that relates the time required for the current in the windings to 
rise to a given value is found as 

The emf induced in the liquid metal by the changing magnetic field becomes, for 
the two-dimensional case, 

dBz dI 
Y-- E x = y - =  

dt dl dt 
dB, 

and for axially symmetric case, 

After the current, I, at a given instant, t, has been determined from equation ( 2 7 ) ,  
the quantity dB,/dI 
for B, versus I (see fig. 20). 
dI/dt. It is assumed that BZ is a function only of time and not of x or y over 
the area of interest, 
analysis with the experimental conditions as closely as possible. 
istic equations for the two-dimensional case can then be written as, from equa- 
tion (u), 

is found by numerically differentiating the curve measured 
Equation ( 2 6 )  is then used to find the factor 

The foregoing maneuver is an attempt to match the theoretical 
The character- 

m - dY = v f + ~€3,) dt along 
dt 

d(v rf: 2m) = - -  
P 

Similarly, the equations for the axially symmetric flow are from equation (12) 

An electric field constant is obviously not required for the axially symmetric 
problem because the electric current loops are circles in the horizontal plane that 
are enclosed within the liquid metal. Also, the same induced potential exists 
along the entire current path. 

In the two-dimensional case, however, the electric current paths extend into 
the liquid metal out beyond the magnet where an induced emf is not acting to aid 
the current. An estimate of the magnitude by which the theoretical and purely two- 
dimensional current distribution is changed by these end conditions is obtained by 



use of a doublet distribution to simulate the electric field. To simplify the 
computations, the magnetic field is approximated by a uniform field over a certain 
length along the channel and zero elsewhere as indicated by the cross-hatched area 
in figures 2l(a) and (b). It is found that the y variation of the electric 
field is represented by equation (24a) within the accuracy of the computations 
(less than 0.1-percent error) over the region of interest. Current paths for 
several values of the ratio, L/D, are shown in figures 21(a) and 2 l (b )  and for 
the magnet used in the experiments in figure 21(c). 

EXPERIMENT 

Apparatus 

A description is given here of the elements used to obtain the test data. 
Basic to each of the experimental arrangements was the 4- by 4-inch solid iron 
core electromagnet that has a 1-112-inch air gap. 
1800 turns of number 14 magnet wire that received power from the motor-generator 
set discussed in the previous section. The magnetic field strength of the magnet 
on a horizontal plane midway between the pole faces is shown as a function of the 
longitudinal coordinate, x, in figure 22(a). 
are shown in figure 22(b). Since the channels used in the experiments are 2 inches 
wide, any variations in the magnetic field strength across the channel were not 
measurable. Throughout the investigation, the magnetic field is considered a 
function orily of the longitudinal or x coordinate. 

It was energized by about 

Contours of equal field strength 

Three test channels were used in the experiments. Each was made of clear 
plastic (lucite) that would not react chemically with NaK at room temperatures. 
All three test cells were equipped with plumbing so that dry nitrogen could be 
forced through the channel to purge it of oxygen and water vapor before NaK or 
mercury was introduced into the test cell through another plumbing duct. These 
test cells are described briefly as follows. 

Channel 1: A rectangular box with internal dimensions of 1-1/4 inches high, 
2 inches wide, and 37 inches long. A piston was propelled by a reversible direct- 
current motor at speeds from about 1 in./sec to 10 in./sec over a distance of 
20 inches along the channel. See figure 1; not drawn to scale. I 

Channel 2: Rectangular box with internal dimensions of 1-118 inches high, 
2 inches wide, and 48 inches long. 
as a retainer so that the rolling magnet could approach and pass a sharp liquid 
metal boundary. The magnet was rolled past the channel by means of a reversible 
electric motor connected to a lead screw via a carriage that rode on the lead 
screw. Excessive vibrations required that the magnet be pushed by hand for some 
of the tests with mercury. See figure 2; not drawn to scale. 

A barrier 14 inches from the right end served 

Channel 3: Cylindrical box with internal dimensions of 1-114 inches high and 
2-112 inches diameter. See figure 3(b); not drawn to scale. 
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Copper bars 1/4 inch thick, 2 inches wide, and 36 inches long were placed 
inside Channels 1 and 2 for several of the experiments. 
thick and 2-1/2-inches diameter was used in the bottom of test cell number 3. 
These copper plates were not fastened rigidly to the channels but they fit closely 
enough to the side walls and bottom that any motion required a notable force. 

A piece of copper 1/4-inch 

Pro c edure 

Photographic sequences of the profile of the surface shape of the liquid metal 
were obtained with a 70-mm camera set to take 20 frames/second. 
1-foot-diameter face and calibrated in 0.01-second intervals was placed within the 
field of view so that the instant at which each exposure was made was recorded and 
could later be determined to kO.002 second. Selected frames were enlarged to about 
full-scale size so that the fluid motion could be studied in detail and so that 
readings of the surface height could be made easily and with some accuracy; that 
is, about 50.01 inch. 
background so that the top edge of the liquid metal could be accurately determined 
as the point at which the line and its reflection form a sharp point. Horizontal 
gridwork served as reference lines for the vertical measurements. A @-inch neon 
lamp placed directly behind the test channel supplied the light for the exposures. 
The center of the camera lens was about 10 feet from the liquid metal and 1 inch 
higher on a line perpendicular to the channel axis. 

A clock with a 

A transparent diagonal (45’) gridwork was placed in the 

Temperature readings taken on a mercury thermometer placed within the test 
cell but not in contact with the liquid metal were assumed to be the true tempera- 
tures of the liquid metal. These measured values were then used to determine the 
density, p, and electrical conductivity, 0, of the liquid metals. Variations of 
0 and p with temperature were taken from reference 30. 

EXPERIMENTAL RESULTS AND COMPARISON WITH THEORY 

Photographic sequences of the surface shape of the liquid metals are presented 
in this section for the experiments conducted in the investigation together with 
theoretically determined profiles for the corresponding boundary conditions at 
several selected instants of time. Since several nearly identical runs were made 
of each test setup, a decision as to which of these to publish was made on the 
basis of the uniformity of the motion of the piston or magnet, and the absence of 
metallic oxide on the walls and surface of the liquid metal. Numerical values for 
the theoretical surface height of the liquid metal at the instant the various 
photographs were taken were obtained by the method of characteristics for one 
space dimension and time discussed previously. Theoretical curves are presented 
for four to six photographs spaced a regular intervals. Roman numerals on the 
frames of the corresponding photographs (see, e.g., fig. &(a) - numerals and time 
are noted in inset placed beside magnet pole piece) indicate the pictures so 
chosen. Time of exposure from a somewhat arbitrary starting time is given in 
seconds. The dimensionless time, T, is given only for the theoretical curves. 
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In the computations, the electric field constant C was varied until a best 
fit to the experimental data was achieved. 
for several values of C with the experimental curves showed that it was possiblz 
to determine C within about +3 percent. The optimum value so chosen was then 
used throughout a given sequence of surface profiles. A l l  other parameters used 
in the numerical work were taken directly from the experimental data. Experimental 
readings from the photographs for the surface height were taken as the points at 
which the diagonal gridwork in the background either disappeared or made a sharp 
bend as it is reflected in the liquid metal surface. 

Comparison of the numerical results 

Compression Wave Impinging on a Magnetic Field 

The experimental setup shown in figure 1 illustrates the equipment layout for 
this series of tests. Runs were made with mercury and with NaK at several dif- 
ferent piston speeds both with and without a l/&-inch copper plate in the bottom 
of the channel. Surface shape profiles observed in several selected runs are 
reproduced in figures 23, 24, 25, and 26 together with the profiles predicted by 
the one-dimensional unsteady method of characteristics. 

The interaction shown in figure 23 for mercury in an insulated channel is so 

In other 
weak that a numerical counterpart is not presented. This result is suggested in 
figure l7(d) by the low (-0.03) value predicted for the ratio 
words, a negligible fraction of the theoretical one-dimensional or short circuited 
electric current actually flows because of the presence of the insulating walls. 
It is to be noted, however, that the roughness of the surface of the mercury behind 
the wave is eliminated by the magnetic field so that it is operative at least as 
a turbulence suppressor. Conversion of the leading edge of the compression wave 
into a solitary wave (see ref. 5) also seems to be caused by the magnetic field. 

Jy/mB0. 

Considerable attenuation of the wave in mercury occurs as it passes through 
the magnetic field if the l/&inch copper plate is placed in the bottom of the 
channel as shown in figure 24. 
assumed for the leading edge of the wave. The strong wave relations were used to 
evaluate the change in the flow variables from one side of the jump to the other. 
In practice, surface tension and viscosity of the fluid round off the corners. 
As expected, at other locations on the surface good agreement exists between the 
observed and theoretical surface heights throughout the duration of the event. 
The value of the electric field constant C which best fits the data is below 
the value of 0.96 estimated earlier probably because some voltage drop occurs at 
the interface of the mercury and copper. 

In the theoretical analysis, a step function is 

Results shown for NaK in figures 25 and 26 provide a more severe test of 
the one-dimensional theory because of the stronger interaction. An improper start 
of the piston causes undesirable extraneous waves to be generated. Several of 
these are quite noticeable in figures 25(a) and 26(a) between the piston and strong 
wave front. 
for the wave moving over a copper bottom. The anticipated differences between the 
theoretical and experimental curves shown in figure 25(b) bear out in a-rough 
fashion the current path patterns and increased effectiveness to be expected at 

Agreement between theory and experiment is satisfactory in figure 26(b) 
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the edges of the magnetic field as shown in figures l5(d) and 17. 
slope of the surface at the edges of the magnetic field results from the larger 
current density there (see fig. l?(d)). Variations in the surface height across 
the channel were visually noted during these runs to consist of a depression in 
the center of the channel of, at most, about 1/8 inch in the region where the 
surface slope was the greatest. 
magnetic field near the center than at the walls brought about by the fact that 
the transverse electric currents flow more easily there than near the w a l l s .  
(See fig. l5(d).) 

The greater 

This results from a greater effectiveness of the 

A comparison of the data presented here with the material in references 31 
to 34 is not made because of the differences in the experimental arrangements and 
boundary conditions. Qualitatively, the test results are the same in that shock 
waves were driven against or through a magnetic field, and in some cases reflection 
and attenuation of the incident wave are observed. 

Centered Expansion in a Magnetic Field 

The experimental arrangement in use here is the same as that for the 
compression wave tests (fig. 1) but it differs from those tests in that the piston 
motion is reversed. For comparison purposes, a run with mercury (fig. 27) was 
conducted without a magnetic field acting on the centered expansion. Although a 
magnetic field was present when the run shown in figure 28 was made, the fluid 
motion is not measurably altered by it. This is again as would be anticipated 
from the low values of C predicted in figures 15 through 17. Computations shown 
in both figures 27(b) and 28(b) were carried out for C = 0. Differences there 
are attributable to the initial motion of the piston. In the theory, it is assumed 
that the piston begins moving at Such is not the 
case in practice, however, because there is slack in the piston linkage. If the 
exact motion of the piston during this time were known and inserted into the com- 
putations, it is felt that the two results would agree quite closely, since the 
centered expansion seems to depend strongly on the early motion of the piston. 

t = 0 at a uniform speed, up. 

When a copper plate is placed in the bottom of the channel, the magnetic 
field is once again effective (see fig. 29). As with the insulated bottom case, 
the starting motion of the piston is not well represented in the theory. This 
initial difference is nearly erased by the damping effect of the magnetic field 
so that good quantitative agreement exists during the later stages of the event 
(see fig. 29(b)). 

The influence of the magnetic field on NaK is so strong (figs. 30 and 31) 
that the fluid literally creeps along the channel as the piston recedes whether or 
not the channel has a copper bottom. Differences between the theoretical and 
experimental curves for the insulated bottom case indicate the reduced resistance 
experienced by the current loops Yhen they are near the edge of a magnetic field 
rather than near its center as suggested in figure l5(d). Computations are pre- 
sented in figure 3O(b) for three values of C 
between the theory and experiment, thereby indicating that the one-dimensional 
approximation is inadequate here. 

in order to bring out the difference 



Since the interaction of the NaK with the magnetic field is very strong 
when the channel has a copper bottom, the fluid in front of the moving piston 
squirts around, up and over the piston thereby coating the channel walls with 
oxide. Therefore, only one photograph of the fluid motion is presented (fig. 3l(a)) 
and the surface is indicated by the white line drawn there. As nearly as could be 
determined, the data are approximated by the profiles shown in figure 3l(b). 

Magnet Moving Over Fluid Surface 

Figure 2 illustrates the general setup and camera position for the moving 
magnet experiments. As the magnet moves over the channel, it is observed that 
the flow of the liquid metal through the magnetic field approaches the character 
of a uniform traveling wave. In other words, the liquid metal profiles are more 
stationary for these tests than for the piston experiments. Phenomena that were 
not apparent in the liquid metal profile shapes in the compression wave and 
centered expansion experiments are now noticeable. The first of these is the 
lateral motion of the liquid metal brought about by the forces indicated in fig- 
ure l7(b). 
on entering the magnetic field so that a hump forms in the surface. The elevation 
of the top of the hump is about the same magnitude as the depression observed 
visually when the run shown in figure 25(a) was made (i. e. , 1/8 in.). Profiles 
of NaK in a channel with insulating walls are shown in figure 32(a). A compari- 
son with the one-dimensional theory in figure 32(b) indicates that it expresses 
the fluid motion adequately outside the magnetic field region where there are no 
lateral forces. The compression wave that develops ahead of the magnet eventually 
becomes a discontinuity and propagates as such. In the numerical work, however, 
this wave is always treated as a weak wave. 

Liquid metal is drawn to the center of the channel by the body forces 

From figure 33(a) it is observed that no net motion is imparted to the liquid 
metal when a l/k-inch copper plate is placed on the bottom of the channel. 
fluid is simply drawn toward the channel center line as it enters the magnetic 
field and then thrown outward against the channel walls as it exits from the mag- 
netic field. A motion in the x direction is not detectable. Since the copper 
plate is stationary relative to the channel and moving relative to the magnet, 
an emf is now induced within it. The liquid metal can then serve as a possible 
circuit for the electric field induced in the copper. When the NaK is also 
stationary, the emf induced by the moving magnet in both metals is the same and 
no lateral electric currents flow. If the NaK moves, the emf induced in it will 
be smaller than in the copper, thereby permitting lateral currents to flow that 
force the NaK to stop, Stable motion therefore exists when the copper plate and 
liquid metal are both fixed relative to each other and, in the present situation, 
fixed relative to the laboratory frame of reference. Longitudinal currents do not 
share the same restraints because they arise as a consequence of being part of the 
return current loops. Lateral motion of the NaK relative to the copper does not 
then influence the amount of emf applied to a particular fluid element. Then the 
longitudinal currents can and do cause surface shape changes that are noticeable. 
Surface profiles to be anticipated for the copper bottom case, if the fluid motion 
were one-dimensional and C the same as for the insulating bottom case, are shown 
in figure 33(b). 

The 
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In t e rac t ion  of t h e  moving magnet with mercury ( f i g .  34) i s  much less 
spectacular  but q u a l i t a t i v e l y  t h e  same as that f o r  N a K .  A mir ror l ike  surface,  
t h a t  i s  qu i t e  easy t o  maintain with mercury i n  a ni t rogen atmosphere, makes it 
possible  t o  observe wave patterns behind t h e  moving magnet. Diagonal gridwork 
placed behind t h e  channel and r e f l ec t ed  i n  the mercury surface then br ings  out 
t h e  surface height  v a r i a t i o n s .  Figure 35 presents  r e s u l t s  f o r  s eve ra l  magnet 
speeds. Lateral fo rces  are once again responsible  f o r  t h e  l i qu id  metal  being 
f i rs t  drawn toward the center  of t h e  channel and then  thrown outward aga ins t  the 
channel s ides .  A s  the magnet speed increases  from below t o  above a Froude number 
( u d a )  of 1, t h e  dis turbance wave p a t t e r n  changes from a l t e r n a t i n g  depressions 
(or vor tex  s t r e e t  t ype ,  f i g .  36(a))  t o  a Mach wave type p a t t e r n  ( f i g .  36 (b ) ) .  
Variat ions i n  t h e  wave angle w i t h  increase i n  speed of the magnet are small 
( f i g .  37).  Most apparent5 i s  an elongat ion of the center  c o l l i s i o n  area of t h e  
waves, ind ica t ing  an increase i n  t h e  thickness  of the waves. A second set of 
waves i s  noted i n  t h e  highest  speed run t o  emanate from under the magnet i n  t h e  
region where t h e  incoming f l u i d  c o l l i d e s  as it i s  drawn t o  t h e  center  of t h e  
channel by t h e  magnet. 

The mechanism demonstrated i n  f igu res  32 and 35 suggests a device t h a t  would 
perhaps serve as a nozzle capable of converting an ionized high-density subsonic 
flow of gas in to  a low-density supersonic stream. Such a device would cons is t  
simply of a t ransverse  magnetic f i e l d  impressed across  a channel with in su la t ing  
wal ls .  Flow de f l ec t ions  usua l ly  brought about by convergent-divergent wal ls  are 
now ca r r i ed  out by body forces  t h a t  r e s u l t  from cur ren t  loops induced by r e l a t i v e  
motion of t h e  magnet and stream. Variat ions i n  t h e  downstream Mach number are 
made by changing t h e  magnetic f i e l d  s t rength .  Such a magnetogasdynamic nozzle i s  
operat ive a t  low and probably a l s o  a t  high magnetic Reynolds numbers. It a l s o  
has the  advantage t h a t  heat  i s  added t o  r a t h e r  than subtracted from the  gas as it 
passes through t h e  nozzle region. 

Nonsteady Magnetic F ie ld  - N a K  

When the  magnet i s  energized, t he  l i q u i d  m e t a l  wi thin t h e  a i r  gap i s  drawn 
in to  a h i l l  a t  t h e  center  of t he  container  as i l l u s t r a t e d  i n  f igu res  3(a) and 3 (b ) .  
The magnitude of  t he  dis turbance depends on t h e  magnetic parameter i n  such 
a way as t o  produce an e a s i l y  measurable (about 1 em) dis turbance i n  N a K  and a 
bare ly  de tec tab le  one i n  mercury. Visual ly  it i s  poss ib le  t o  see a s l i g h t  
(-0.01 i n . )  r ise i n  the  mercury a t  t h e  center  of t h e  vesse l .  Also apparent i s  a 
f ros t ed  or d u l l  appearance taken on by t h e  mir ror l ike  sur face  during (about 1 see)  
t he  time t h a t  t h e  magnetic f i e l d  bui lds  up. A more in tense  (>5OOO gauss) or a 
more rap id ly  changing f i e l d  would of course produce a l a r g e r  disturbance. 

Pmo 

Figure 38 presents  photographic sequences of t h e  sur face  p r o f i l e s  of NaK i n  
The t i m e  h i s t o r y  of t h e  sur face  the  two-dimensional channel shown i n  f i g u r e  3(a) .  

shapes i s  about t h e  same whether t h e  bottom i s  an in su la to r  or copper p l a t e .  A 
s m a l l  d i f fe rence  l i e s  i n  t h e  s l i g h t  inward motion induced a t  t h e  ends of t h e  mag- 
ne t  when t h e  channel has w a l l s  t h a t  are insu la to r s .  The d i f f e r e n t  co lora t ion  on 

poss ib le  v ib ra t ions  t h a t  would cause extraneous waves. 

-- ___ - -  - _. - - 
51n these  experiments, t h e  magnetxz t o  be r o l l e d  by hand t o  e l iminate  a l l  
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the side walls for the two runs is due to a sizable amount of oxide on the walls 
shown in figure 38(a) and practically none for figure 38(b). 
of the surface there and the hump in the NaK at the center of the magnet reflect 
this motion. A prediction of the surface shape can be made with the theory set up 
for nonsteady magnetic fields in two dimensions (see eq. (28)). 
the surface height measured at the center of the magnetic field for the data shown 
in figure 38(b) and predicted by the two-dimensional theory is made in figure 39(a). 
The theoretical shape of the surface in a plane perpendicular to the channel axis 
is shown in figure 39(b) at several instants of time. 
of the surface shape in this plane because of the experimental difficulties 
involved. 
greater than the reading error in the experimental surface height. 
uncertainty exists, however, in the experimental values of the inductance L and 
resistance R of the magnetic circuits. Values that only approximate the true 
experimental conditions are used in the theory because the precise values for each 
test were not adequately measured at that time. 
magnet coils can cause the magnitude of R to vary over as much as 50 percent of 
its room temperature value. It is felt that these are the reasons more precise 
agreement between the theory and data was not achieved in any of the nonsteady 
magnetic field tests. 

The sharper curvature 

A comparison of 

No measurements were made 

Differences between the two results illustrated in figure 39(a) are 
Considerable 

A l s o ,  resistance heating of the 

Maximum surface heights that occur during the time the magnet is energized 
as estimated by the two-dimensional theory are shown in figure 40 for a range of 
the parameters concerned. The time history of the current through the magnet 
windings that was assumed for these computations is presented in figure 41. 
Neither of the curves in figure 41 has the peculiar shape exhibited by the 
14.4 ampere run (fig. lg), but the function represented by two-terms for the 
induction is a fair approximation to the runs at lower maximum currents. 

An extensive series of tests was made with the axially symmetric arrangement 
shown in figure 3(b). 
15 amperes through the magnet coils with and without a copper plate in the bottom 
of the 2-112-inch-diameter test cell. 
netic parameter, Fmo, are shown in figures 42 through 45 together with the 
theoretically predicted surface shapes. No measurable difference was observed 
between the copper and insulating bottom runs when all other test conditions for 
the two were the same. Quantitative agreement of the axially symmetric theory 
with the test data is once again hindered by a lack of information on the exact 
values of the parameters R, Lo, Ll, . . . for each of the tests. Qualitative 
agreement is very good. It is felt that if the experimental parameters were 
measured more accurately and these numerical values used as input for the theory, 
quite good quantitative agreement could be achieved. Since considerable time and 
effort would be required to do this and because the agreement is already fairly 
good, these further refinements were not made. 

Runs were made at nominal maximum currents of 5, 10, and 

Typical data for three values of the mag- 
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CONCLUDING REMARKS 

Theoretical results presented in this paper demonstrate some of the 
characteristics of the analogy between waves on the surface of a liquid metal and 
pressure waves in an ionized gas. 
for each medium under the same boundary conditions shows that density and velocity 
(in dimensionless form) of the gas are represented quite accurately by the surface 
height and velocity of the free surface of a liquid metal. 
waves the analogy does not apply to strong waves. Since joule heating does not 
significantly affect the liquid metal, the analogy becomes less exact as the amount 
of electrical heating increases. 
a gas that has a ratio of specific heats, 7 ,  of about 2, and only in a qualitative 
way for other values of 7 .  It is to be remembered that the analogy represents 
only certain aspects of the flow of ionized gases. Probably foremost is its lack 
of duplication of the chemical reactions and the associated variations in the 
electrical properties of the gas. 

A comparison of theoretical results (fig. 8) 

As was true for water 

Density and velocity are duplicated roughly for 

Experiments carried out with mercury and NaK (figs. 23 - 45) make it 
possible to: 

a. Ascertain the ability of the theory to predict the motion of the liquid 
metal in electric and magnetic fields. 

b. Study wave motion in the presence of transverse magnetic fields with 
various boundary conditions on the electric currents. 

c. Attain a substantial range of the magnetic parameters. 

A perusal of the theoretical and experimental data presented here shows that: 

1. The wave motion in the channels can be approximated by a one-dimensional 
theory, even though the electric field is three dimensional, if the largest portion 
of the electric current in the fluid is made nearly one-dimensional by providing 
a suitable external circuit by which the cgrrents can close on themselves. 

2. The use of the electric field constant C in the one-dimensional tests 
for treating the electric field (or resistance of the return circuit) simplifies 
the analysis greatly without a sacrifice of accuracy if the conditions in 1 are 
met. 

3. When an external circuit is not provided for the return of the electric 
currents, they form paths that extend upstream and downstream of the moving elements 
and magnet in such a way that sizable lateral forces can result. The surface shape 
and flow field then no longer approach a one-dimensional character. 

4. The lateral forces and the corresponding surface distortions that arise 
from the longitudinal portion of tlie electric current paths suggest a new device 
for a magnetogasdynamic nozzle. Such a nozzle would change a high-density low- 
speed stream into a low-density supersonic flow. This discovery would be difficult 
to make without the use of the free-surface analogy. 
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5 .  As expected, the free-surface waves do make it possible to visualize and 
study flow phenomena characterized by a low magnetic Reynolds number that are 
otherwise quite intractable. 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field, Calif., Aug. 24, 1962 
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APPENDIX 

SYMBOLS 

speed of propagation of a small wave 

L o r  
a0 

magnetic f i e l d  s t rength  

dimensionless magnetic f i e l d ,  - BZ 
BO 

e l e c t r i c  f i e l d  constant (See eq.  (18).) 

hal f  width or radius  of channel 

ha l f  length of doublet d i s t r i b u t i o n  (See f i g .  11.) 

i n t e r n a l  energy of f l u i d  element 

e l e c t r i c  f i e l d  i n t e n s i t y  

force  

acce lera t ion  of grav i ty  

g rav i ty  force  f i e l d  

l o c a l  depth of l i qu id  m e t a l  

h - 
h0 

Hartmann number, E Bod 

e l e c t r i c  current  densi ty  

curvature of f r e e  surface 

ha l f  width of doublet  d i s t r i b u t i o n  (See f i g .  11.) 

inductance of magnet 



NaK 

P 

P 

Pm 

Pmo 

Q 

R 

Rm 

Re 

t 

T 

U 

v 

x, Y, z, 

7 

E 

rl 

A 

32 

eutectic mixture of sodium (22 percent) and potassium (78 percent) 

pressure 

2A characteristic parameter, U + 2 f i  or U + - 
Y - 1  

aBz2d 
magnetic parameter, - 

pa0 

crBo2d - , maximum value of magnetic parameter in flow field used as 
Pa0 
representative value 

2A characteristic parameter, U - 2 or U - - 
7 - 1  

e le ct ri cal res is t ance 

magnetic Reynolds number, opa,d 

P o d  viscous Reynolds number, - 
7 

time 

temperature 

velocity of fluid in x, y, and z directions, respectively 

U 

coordinate axes, x alined with channel axis and z vertical 

cP ratio of specific heats - 
cv 

e le ct ric permittivity 

viscosity of fluid 

length of wave on free surface 

. . . .. 



V 

cp 

CD 

JI 

f; 

magnetic permeability 

ratio of fluid depth to wavelength 

kinematic viscosity, - 11 
P 

density of fluid 

electrical conductivity 

a0t - 
d 

electric current potential function 

complex potential function, cp + iJr 
electric current stream function 

x + iy 
reference quantity 

values immediately behind strong wave 

doublet layer o r  slab 

quantities ordered in 6 used to derive free-surface equations 

magnet 

piston 
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Figure 1.- Schematic diagram of arrangement used t o  study the  interact ion of one-dimensional waves with 
transverse magnetic f i e l d s  
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Figure 2.  - Schematic diagram of moving-magnet configuration. 



(a )  TWO -dimensional. 

Figure 3 . -  Schematic diagram of nonsteady magnetic f i e l d  model. 
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( b )  Axially symmetric. 

Figure 3. - Concluded. 
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Figure 4 . -  Diagram i l l u s t r a t i n g  nota t ion  used f o r  waves of f i n i t e  s t rength .  

41 



h/h, 1.20 

T=CO 

Incident 
wave 

, r = O  (a) 12.5 5.0 

-10 -8 -6 -4  - 2  

1.04 

7.5 
I 

pm I 

-6 -4 -2  0 2 4 6 
X /d 

0 2 4 6 0 IO 
X/d 

( a )  Surface height .  

Figure 5 . -  h t e r a c t i o n  of a weak compression wave with transverse magnetic f i e l d ;  Pm0 = 1.55, Up = 0.10, 
ho = 0.37 inch, a. = 1 f t / s e c .  
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(b) Velocity of f l u i d .  

Figure 5 .  - Concluded. 
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Figure 6 . -  Surface height of l iqu id  metal as a centered expansion wave in t e rac t s  with transverse 
magnetic f i e l d ;  Pmo = 1.55, Up = -0.20, h, = 0.37 inch, a. = 1 f t / s e c .  
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Figure 7.-  Wave motion brought about i n  l iquid metal by magnet moving past channel; pmo = 1.55, 
U, = -0.40, ho = 0.37 inch, a. = 1 f t / sec .  
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(a) Height of free surface and density of gas; y = 2 ( p/po = T/To = F/K). 
Figure 8.- Comparison of free-surface and gas-dynamic flow fields as computed by the  method of 

characteristics; Pm = l.309 Up = 0.1. 
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(b) Velocity of l iquid metal and gas; y = 2 .  

Figure 8.  - Continued. 
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( e )  Height of f r ee  surface and densi ty  of gas; y = 1.4. 

Figure 8. - Continued . 
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( a )  Velocity of l iquid metal and gas; y = 1.4. 

Figure 8. - Continued . 
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(e) Height of free surface and temperature and pressure of gas; y = 1.4. 

Figure 8. - Concluded. 
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( e )  Top view - i n su la t ing  walls. 

Figure 9.- Possible  e l e c t r i c  current  paths  f o r  experiments. 
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( a )  Fluid moving through magnet a i r  gap. 

Figure 10. - I l l u s t r a t i o n  of equivalent systems f o r  induced e l e c t r i c  f i e l d .  
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Figure 11.- Plan view of region of in tegra t ion  f o r  rectangular block of emf i n  an 
unbounded medium. 
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Figure 12 . -  Plan view of e l e c t r i c  current  paths  f o r  rectangular  block of emf i n  
an unbounded medium. 
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(a)  Longitudinal component. 

Figure 13. - E l e c t r i c  cur ren t  dens i ty  f o r  magnet of rectangular  plan form moving 
over unbounded medium; L/D = 3.0.  
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Figure 13. - Concluded. 
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Figure 15.- Plan view of e l e c t r i c  current  paths for rectangular magnet moving over 
f h i d  between two insu la t ing  w a l l s .  
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Figure 15. - Continued . 
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Figure 16.- Elec t r ic  f i e l d  in tens i ty  f o r  rectangular magnet moving over f l u i d  
between two insulat ing w a l l s ;  L/D = 3.0, d/L = 1.333. 
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(b )  Plan view of e l e c t r i c  current l i nes .  

Figure 17.- Elec t r ic  f i e l d  induced by 4- by &-inch electromagnet as it moves over fluid confined between 
two insulating w a l l s ;  d = 1 inch. 
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( e )  Longitudinal e l e c t r i c  f i e l d  in t ens i ty .  

Figure 17. - Continued. 
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Figure 17. - Concluded. 
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(a) Magnet on; B, is increasing. (b) Magnet off; B, is decreasing. 

Figure 18.- Cross-sectional view of surface shape of NaK as magnet is turned 
on and off. 
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(a) rmX = 4.45 amperes. 
(b) = 10.5 amperes. 
(e) Imax = 14.4 amperes. 

Figure 19.- Electric current through windings of 4- by 4-inch magnet 
(1-1/2-kch a i r  gap) as a functLon of time af te r  switch is closed; 
sweep rate = 5.0 cm/sec. 
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Figure 20.- Magnetic f i e l d  s t rength a t  t h e  center  of t he  air  gap f o r  4- by 4 - k c h  
so l id  core electromagnet used i n  experiments; l-1/2-inch a i r  gap. 
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( a )  L/D = 1, d/L = 1 

( e )  4- by 4-inch magnet, l-1/2-inch a i r  gap, 2-inch channel width. 
(b) L/D = 0 . 5 ,  d/L = 1 

Figure 21.- Plan views of theore t ica l  e l e c t r i c  current paths as various magnet shapes are energized 
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(a)  Magnetic f i e l d  s t rength  along center  l i n e  of magnet. 

Figure 22.-  Magnetic f i e l d  s t rength  d i s t r i b u t i o n  as measured for 4- by &-inch 
so l id  i ron  core electromagnet with l-1/2-inch a i r  gap and 10 amperes 
current  through windings. 
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(b) Contours of equal magnetic induction. 

Figure 22. - Concluded. 
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A-28829-2 

Figure 23. - Compression wave in  mercury impkging on magnetic field.;  insu la t ing  
w a l l s  and bottom, Up = 0.62, ho = 0.37 inch, a. = b ft/sec, Pmo = 1.48, C = 0 .  



- 
(a) Experimental surface profiles. 

P i m e  24. - Compression wave in mercury impinging on magnetic field; copper bottom 
channel, Up = 0.570, ho = 0.35 inch, ito = 0.97 ft/sec, Pmo = 1.323. 
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(b)  Comparison of theory and experiment; C = 0.56.  

Figure 24. - Concluded. 



(a)  Experimental surface profiles. 

Figure 25. - Compression wave in NaK impinging on magnetic field;  insulating walls 
and bottom, Up = 0.349, = 0.52 inch, a. = 1.18 ft/sec, Pmo = 54.5. 
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(b )  Comparison of theory and experiment; C = 0.142. 

Figure 2 5 ,  - Concluded. 
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(a) Experimental surf ace profiles . 
Figure 26.- Compression wave in HaK imghgkg on magnetic f ie ld;  copper bottom 

im channel, Up = 0.377, h, = 0.42 inch, a. = 1.06 ft /sec,  Pmo = 60.4. 
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( b )  Comparison of theory and experiment; C ,= 0.64. 

Figure 26. - Concluded. 



(a) Experimental suryace p r o f i l e s .  

Figure 27.- Centered expansion i n  mercury; U = -0.63, h, = 0.55 inch, 
a. = 1.22 f t / s e c ,  ='o. 
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(b) Comparison of theory and experiment. 

Figure 27. - Concluded. 
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A-28829-7 

(a)  merimental  surface profiles. 

Figure 28.- hteractFon or" a transverse magnetic field with a centered expansion 
3.a mercury; insulathg walls and bottom, Up = -0.63, h, = 0.50 inch, 
a. = 1.16 ft/sec, Pmo = 1.28. 
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( b )  Comparison of theory and experiment; C = 0 .  

Figure 28.- Concluded. 
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(a) Experimental su_rr"ace profiles. 

Figure 29. - Prateraction of a trmsverse mametic f i e ld  w i t h  a centered eqansion 
in  mercury; copper b o t t o m ,  Up = -0.51, h, = 0.60 tach, a. = 1.26 r"t/sec, 
Pmo = 1.48. 
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(b) Comparison of theory and experiment; C = 0.88. 

Figure 29. - Concluded. 



. I -  - - -..- 

(a )  merimental  surface profiles. 

Figure 30. - Interaction of a transverse magnetic f i e ld  with a centered expansion 
in  
a. = 1.34 f t / s e c ,  pm0 = 41.7. 

NaK; insulating walls and bottom, Up = -0.43, h, = 0.88 inch, 
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(b) Comparison of theory and experiment. 

Figure 30.  - Concluded. 



( a )  Surface shape about 0.7 sec a f t e r  pis ton i s  removed ( T  M 10). 

Figure 31. - In te rac t ion  of t ransverse magnetic f i e l d  with centered expansion i n  NaK, copper 'bottom, 
Up = -0.54., & = 0.53 inch, a. = 1.22 f t / s ec ,  Pmo = 52.8. 



4.93 

6.65 

10.95 

(b )  Theoretical  shape of surface for experiment of C = 0.44. 

Figure 31. - Concluded. 



A-28829-11 

(.a) Experimental profiles of surface shape. 

Figure 32.- Disturbance brought about in NaK by magnet moving past chaumei; 
hsulat ing w a l l s ,  U, = -0.68, h, = 0.42 inch, a. = 1.06 r"t/sec, Pmo = 60.4. 
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(b) Comparison of  theory and experiment; C = 0.026. 

Figure 32. - Concluded. 
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A-28829-12 

(a) Experimental p r o f i l e  of surface shape. 

Figure 33.- Disturbance brought about in NaK by magnet moving pas t  ehanriel; 
co-gper bottom, Um = 4-51, = 0.46 h c h ,  a. = 1.U f t / s e c ,  Pmo = 57.8. 
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(b)  Comparison of theory and experiment; C = 0.026. 

Figure 33. - Concluded. 



A-28829-14 

(a') Insu la t ing  walls; Um = -0.811., ho = 0.37 inch, a0 = l Ft/sec,  Pmo = 1.48, 
c w 0.02.  

A-28829-15 

( b )  Copper bottom; Um = -1.76, ho = 0.33 inch, a. = 0.94 f t / sec ,  Pmo = 1.4-8. 

Figure 34. - Disturbances brought about i n  mercury by magnet moving pas+ channel. 



A-28829-16 

Figure 35.- Oblique view of surface wave patterns oil mercury as magnet moves past 
channel at  various speeds; ho = 0.38 k c h ,  a0 = 1.01 r"t/sec, Pmo = 1.48. 



,,-- -Mag net ,/-Channel wa l l  

(b) Fr  > 1 

Figure 36.- Plan view of wave pa t t e rn  for magnet moving over mercury. 
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A-28829-17 (a) 

(a) hsulat ing walls; Pmo 70, 
(b)  Copper bottom; Pmo = 70.8,  1 

Figure 38. - Side view of surface s4 

(b 1 A-28829-18 

& = 0.49 inch, = 1-13 ft /sec.  
= 0.k2 inch, a. = 1.06 ft /sec.  

iape of NaK as magnet is  energized. 
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(a)  Comparison of t h e o r e t i c a l  and experimental values f o r  surface height a t  center  
of magnet as a funct ion of time; C = 1. 

Figure 39. - Two-dimensional t h e o r e t i c a l  values f o r  da ta  i n  f igure  37(b) ; 
Pm0 = 70.8, ho = 0.42 inch, a. = 1.06 f t / s e c .  
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(b)  Shape of surface a t  var ious i n s t a n t s  of t ime.  

Figure 39. - Concluded. 
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(a) With magnetic parameter, Pmo, for R / L o  = 1.17 (value for data in fig. 37(b ) ) .  

Figure 40. - Variation of maximum two-dimensional surface height. 
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Figure 40. - Concluded. 
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Figure 41.-  Theoretical  var ia t ion  of current with time t h a t  w a s  assumed for magnet. 
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(a)  Data in .  f igure  42 (a ) .  

Figure 43. - Comparison of ax ia l ly  symmetric theory with experimental data  f o r  
height of NaK a t  center of channel. 
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(b)  Data i n  f igu re  42(b) 

Figure 43. - Continued . 
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( e )  Data in f igu re  4 2 ( c ) .  

Figure 43. - Concluded. 
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( a )  D a t a  i n  f igu re  4 2 ( a ) .  

L 

( b )  D a t a  i n  f igu re  42(b). 

Figure 44.- Surface shapes of NaK i n  a x i a l l y  symmetric container a t  various 
in s t an t s  of time when magnet i s  energized. 
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( e )  Data i n  figure 42(c). 

Figure 44. - Concluded. 
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Figure 45.- Variat ion of maximum surface height of NaK 
container  as magnet i s  energized. 
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